Dual Spaces and Adjunct Operators.

Generalities on Functionals: 3V, and ¢ : V -» R, Va,b € Ru,v € V,

dlau + bv) = adp(u) + be(v).

The Selective Linear Functional: 7; : R” - R, 7;(a;) = a;

The Vector Space on Polynomials overt: J : V - R, J(p(t)) = I p(t)dt with

J(ap(t) + bp' (1)) = aJ(p(1)) +DbI(p'(1))

We have Integration and Trace on Eigenvalues: 7: V> R T(A) = ai1 +axn +...+dun,
(aj) =A

About Spaces: If 3V, V', then A : V > V', A = (ay) is also a vector space
|Hom(V,V')|| = nm, |[V| = n, [V'| = m.

Definitions: If V = R", ¢(ai,..,a,), ¢ : V>V, ¢ : V>V, éx;) = (ai,..,a,)(x;) a
row and column. We call V* Dual of V as (ai,..,a,) € Vand ¢ € V*. ¢ is called
functional (and is a function ¢(7)).

Dual Basis: if V= R, |[V|| = n, |V'|| = m, |V*|| = nas V* = V and there we have a
Dual Basis.

Lifi— i
If {vi} |iz1..» spansV, and J;; = 1 A ¢i(v;) then {@;} | =1, is a basis
Oifi #j
for V*.
: 2 3 .
Example: if Ll span R2, and expect functions {@1, ¢} span R2* and

we know that | b S P AL {x,y} with
cd y $2(x,y)

o1 =¢1(vi) =8 = ¢n(v2) =1, 512 = d1(v2) = 621 = ¢p2(v1) = 0,

a b 2 2a+b =814 2 2a+b =1
- . ¢ = where
c d 1 2c+d = 02 1 2c+d =0

a b 3 3a+b =961,
a=-1,b=3. = ,
3C+d=522
2c+d =0
where ¢ = 1,d = 2.
3c+d=1

:| —x+3y, ¢ : :| = x—2y, and {¢;} span R*,
y
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A Résumé: If {v;} span V, {¢;} span V*, u € V, u = ¢1(u)vi + ¢2(u)va +..+¢,(u)v,.
ceV, a=0c()p1+c(v2)ps+...406(vs)dn, o(vi) € R, ¢; is a function.

The Inner Product on R” : (u,v) = ulv.

The definition of the Adjunct Operator: 7 : V - V, 3T* adjunct as (Tu,v) = (u, T*v),
u,v e V.

Integration and Trace on Eigenvalues: 7 is square and n dimensional, then
(Tu,vy = (u,T™v), and T = T.

IfV=R"¢="(a..,a,), ¢ : V>V, ¢(x) = (ai,..a,)(x;), we call V* dual of V as
(a1,a2,..a,) € Vand ¢ € V*. ¢ is also called functional (and is a function ¢(z)).
Lifi— i
If {vi} |iz1..n spansV, and d;; = 1 oL ¢i(v;) then {@;} |1, is a basis
Oifi#j
for V*.

Inner product space V,if u € V,3u : R” > R, by u(v) = (v,u). We call & a linear
functionalon V, u € V*.

Example of inner product space V and % a linear functional on V.

F.=[34 5]

3 4 -5 X X X U1
2 6 7 vy |=F oy |= =267 ]|y -] ®
5 9 1 u
. F3-=|: 5 91 } “s
3 4 5 ﬁ[ 3u1+4u2+5u3
FT = 4 -6 7 ﬁz = 4u1 - 6u2 + Tus
-5 +7 1 ﬁ3 Tu, — 5141 + U3

(Ax,y) = (x,ATy)
(,y) = (A", ATy) = (x,ATy)



